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Abstract—The stochastic features of vapor bubble departure and lift-off diameters in forced convection
boiling are considered in terms of probability density functions (pdfs). A mechanistic model is developed
for the prediction of these functions. Their prediction requires a vapor bubble detachment model and pdfs
of the mean wall superheat and mean liquid velocity. The agreement with horizontal flow boiling vapor
bubble departure and lift-off data is very good. To the best of the authors’ knowledge, this is the first
attempt at developing such a predictive capability. In order for the model to be generally applicable to
flow boiling systems, the assumptions used in estimating the mean wall superheat and mean vapor velocity
pdfs require further scrutiny. © 1997 Elsevier Science Ltd.

1. INTRODUCTION

The stochastic nature of the boiling process was first
discussed by Fritz and Ende [1], who made quan-
titative measurements of vapor bubble growth rates
and departure diarneters in pool boiling using photo-
graphic techniques. Since this pioneering work,
numerous investigators have reported stochastic vari-
ations in nucleation sites, vapor bubble growth rates
and departure diameters. Some include Staniszewski
[2], Strenge et al. [3], Han and Griffith [4], Cole and
Shulman [5], Gaertner [6], Tolubinsky and Ostrovsky
[7], Chekanov [8], Sultan and Judd [9, 10], Judd and
Chopra [11]. Several investigators have attempted to
quantify these stochastic variations. Strenge et al. [3]
measured probability functions of vapor bubble
growth rate and departure diameter for pool boiling
of ether and pentane. Also, Tolubinsky and Ostrovsky
[7] measured probability functions for pool boiling of
water. Recently, Klausner et al. [12], Zeng et al. [13]
and Bernhard [14] measured probability functions for
horizontal flow boiling departure and lift-off diam-
eters over a wide range of flow and thermal conditions
using refrigerant R113.

Although it has been recognized that the stochastic
features in boiling are important in predicting heat
transfer rates, theoretical analyses devoted to the pre-
diction of statistical variations in boiling processes
are lacking. Strenge er al. [3] and Tolubinsky and
Ostrovsky [7] believed that the statistical distribution
of bubble departure diameters may be due to random
factors associated with boiling which have not been
reliably quantified through experiments. Recently,
Kenning [15, 16] measured spatial distributions of
wall superheat in pool boiling using a liquid crystal
thermography technique. Pasamehmetoglu and Nel-
son [17] computed variations in pool boiling wall

superheat with variations in nucleation site distri-
bution.

This work is specifically concerned with predicting
probability density functions (pdfs) of detachment
diameters for pool and flow boiling. The pool and
flow boiling bubble detachment models developed by
Zeng et al. [13, 18] imply that the mean liquid velocity
over the bubble, which controls the drag, and wall
superheat beneath the bubble, which controls the
growth rate, determines the average bubble departure
and lift-off diameters. It is postulated here that the
statistical variation of bubble departure and lift-off
diameters observed in Klausner et al. [12] and Zeng
et al. [13] is caused by the apparently randomly dis-
tributed wall superheat and the turbulent velocity
fluctuations in the liquid film. In what follows, a
framework for the semi-analytical prediction of bub-
ble detachment diameter pdfs is presented. The model
prediction is compared with existing R113 horizontal
flow boiling probability function data. Good agree-
ment is observed over the range of flow and thermal
conditions considered (mean liquid velocity ranges
from 0.3 to 0.8 m s~' and mean wall superheat ranges
from 8 to 16°C).

2. FORMULATION

A vapor bubble detachment model for flow boiling
has been developed by Zeng et al. [13] which predicts
that the average vapor bubble departure diameter
increases with increasing mean wall superheat and
decreases with increasing mean liquid velocity. Here
the point of departure is taken to be the moment the
bubble leaves the nucleation site, while the point of
lift-off denotes the point the bubble leaves the heating
surface. As shown in Fig. 1, a growing vapor bubble
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H liquid film thickness [m or mm]
probability density function
dw wall heat flux [kW m™2?

T, saturation temperature
[°C or K]
AT =T,—T,,, wall superheat [°C]

u local liquid velocity [m s™']
u* turbulent friction velocity [m s™'}
U area averaged velocity [m s™']

NOMENCLATURE

a vapor bubble radius [m or mm] Au  local difference between liquid flow
C,  specific heat [J kg™' C 1] and vapor bubble
dy vapor bubble departure diameter x vapor quality.

[m or mm)]
dy, \[/Iz:lp(())rr rtr)ll;:]ble lift-off diameter Greek symbols
D inside dimension of duct [m or mm)] " liquid thermal diffusivity (m* s™']
G mass flux [kg m2s~'] % ipcli.natl'on angle L
g gravitational acceleration [m s 7] v hqulq kmematlsc viscosity [m*s™]
hs,  latent heat of vaporization p dens(lity ‘gkg m ] £ wall

Uke ] osr  standard deviation of wall temperature

fluctuations [°C]
g, standard deviation in liquid velocity
fluctuations [m s™'].

Subscripts
d departure
1 liquid
L lift-off
v vapor.
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Fig. 1. Vapor bubble departure and lift-off process in horizontal flow boiling.

subjected to horizontal shear flow and heated from
beneath by a solid wall will be inclined in the direction
of flow. Due to the very small inertia of the vapor
bubble, it will immediately respond to variations in
the forces acting on it. The viscous force on the bubble
tends to pull it away from the nucleation site, while
the component of the growth force parallel to the
heating surface tends to prevent it from departing the
nucleation site. The magnitude of the growth force
depends on the wall superheat beneath the bubble.
Once the vapor bubble departs the nucleation site
it typically slides along the heating surface until the
buoyancy force is sufficient to overcome the com-
ponent of growth force normal to the heating surface,
at which point it lifts off. Due to the highly turbulent
nature of two-phase flow, the liquid velocity passing
over the bubble will vary in both time and space. In
addition, due to localized cooling at nucleation
centers, the wall superheat will also display spatial
and temporal variations as demonstrated by Kenning
[15, 16] and Pasamehmetoglu and Nelson [17]. Thus,
stochastic variations in vapor bubble detachment
diameters are also expected.

Based on Zeng et al. [13], at the point of bubble
departure in horizontal flow boiling the following
force balances must be satisfied

F+Fy,sin6, =0 and F,+Fsco86,+F; =0
1

which may be simultaneously solved for the dependent
variables, bubble radius, a, and inclination angle, 6.
At the point of vapor bubble lift-off

F,+F,=0; 6,=0 2)

which may be solved for the dependent variable, bub-
ble radius. In equations (1) and (2), F is the quasi-
steady drag, F,, is the bubble growth force, F,; is the
shear-lift, and F, is the buoyancy force. The following
expressions have been recommended [13] for com-
puting these forces

F, 2 [12 3315\
i~ 3" [}; +0.75(1 + Rem)] [19]
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qu = - plnaz (% Csaz +at‘1‘), Cs =2 (4)

3

2b pC,AT
alt) =—F—=—"7— t 5
0= V/nt )

F,
— > = 3.877G*[Re”? +0.014G2]'*,
spAutna
y du| a
G, = dy| Bu [20] (6)

u(y)

1 * *
- ==In (1+xxu—)+c|:1— exp (— S /v)
u K v e
* *
_Mexp(_o‘%&)]
X v

c=74 @)

k=04, xy=11 and

F,=%nd’(p—p,)g. (8)

In (5), b = 1.0 has been recommended for horizontal
flow boiling of R113. In (3) and (6) Re = 2Aua/v
where Au is the relative velocity between the bubble
center of mass and liquid. In (7) it has been
recommended that u*/u, =0.05, where u =
G(1—x)D/p,H is the mean liquid film velocity. Other
symbols are described in the nomenclature. It is noted
that in the absence of flow, (2) may be used to compute
the pool boiling departure diameter.

Vapor bubble departure in pool boiling or lift-of in
horizontal flow beiling occurs when the growth force
is just balanced by the buoyancy force as described by
equation (2). Due to the very small inertia of the
bubble and very small contact area, the departure or
lift-off occurs over a very short period of time or
almost instantly comparing with the turbulent fluc-
tuation and temperature fluctuation time scales.
Hence, the departure or lift-off depends on the instan-
taneous Au or AT. Since the departure diameter is a
function of only one stochastic variable, wall super-
heat, it is relatively straightforward to relate the lift-
off diameter pdf to that of the wall superheat

OAT

puldL) = par(AT) 5—dL C))

where 4, is the lift-off diameter, AT is the wall super-
heat, p, (dy) is the lift-off diameter pdf, and p,(AT)
is the wall superhzat pdf. The derivative dAT/dd, is
evaluated from equation (2).

Vapor bubble detachment diameters depend on two
stochastic variables, liquid velocity and wall superheat
and, thus, the prediction of the departure diameter
pdf, p4(d;), is considerably more complex than pre-
dicting the lift-off diameter pdf, p,(d.). It is first
necessary to know the variation of the departure diam-
eter with variations in the instantaneous liquid
velocity, u, and wall superheat, AT, which can be
expressed as d; = 5(u, AT) where s(u, AT) describes a
surface in (dy,u,AT) space. Since an explicit
expression for d; is not available, s(u, AT) must be
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Fig. 2. Departure diameter surface g(u, AT) in (dy,u, AT)
space for horizontal flow boiling of refrigerant R113 at
T = 60°C.

determined from equation (1). A typical s(u, AT) sur-
face is shown in Fig. 2 for horizontal flow boiling of
refrigerant R113 at a saturation temperature of 60°C.
In Fig. 2 u ranges from 0 to 4 m s~' and AT ranges
from 5 to 30°C, which is sufficient to cover the par-
ameter space considered in this work. It is observed
that d; decreases with increasing u and increases with
increasing AT, which is consistent with experimental
observations. Defining AR as the region in the (u, AT)
plane for which d; < s(u, AT) < dy+ dd,, the depar-
ture diameter pdf may be computed from

paldy)dd, = J Jp(u,AnauaAT (10)

A
where p(u, AT) is the joint probability density function
for liquid velocity and wall superheat. Assuming that
statistical variations in liquid velocity and wall super-
heat are independent (10) may be expressed as,

pa(da)ddy = j qu(u)pM(AmuéAT an

where p,(u) is the liquid velocity pdf. In this work
Dal(dy) is numerically computed by approximating d,
by Ad; = 0.01 mm and employing a search algorithm
to determine AR such that dy < s(u,AT) < d;+Ad,.
The double integral in (11) is evaluated using the
trapezoidal rule. The increment Ad, is chosen such
that it is much less than the mean departure diameter
and larger than the increment As(u, AT). Since stat-
istical variations in u are primarily due to turbulence
and variations in AT are primarily due to distributions
in nucleation site density and energy depletion from
surrounding nucleation sites, the assumption of stat-
istical independence of # and AT is justified.

3. COMPARISON WITH EXPERIMENTAL DATA

In order to implement the pdf models for bubble
departure and lift-off given by equations (9) and (11),
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it is necessary to specify pdfs for wall superheat and
turbulent velocity fluctuations in the liquid film. The
first consideration will be given to statistical variations
in wall superheat. Using a liquid crystal thermography
technique, Kenning [15] measured statistical vari-
ations in wall superheat for saturated pool boiling
with water at a heat flux of 100 kW m~2. The data
were presented as histograms. It is not unreasonable
to fit a Gaussian distribution to these data. The ratios
of the standard deviation of wall superheat to the
mean wall superheat for the three tests are 0.24, 0.34
and 0.21. Kenning [16] also used liquid crystal ther-
mography to measure statistical variations of wall
superheat for subcooled pool boiling with water at
heat fluxes of 50, 100, 150 and 200 kW m~2. The
corresponding ratios of standard deviation to mean
wall superheat are 0.18, 0.15, 0.23 and 0.26. A Gaus-
sian fit to these data also appears to be reasonable.
Zeng and Klausner [21] reported using liquid crystal
thermography to study nonuniformities in wall super-
heat associated with horizontal flow boiling. Although
detailed quantitative evaluations of the data were
never made, some qualitative observations are useful.
The wall superheat demonstrated variations through-
out the heating surface which were apparently ran-
domly distributed and appeared to have Gaussian
features. It is also worth noting that the ratio of the
maximum variation in wall superheat to the mean wall
superheat is roughly half that observed by Kenning
[15, 16] for pool boiling. This observation may be
explained by the supposition that the heat transfer
associated with flow boiling is due to two additive
components: that due to forced convection and that
due to ebullition. The component due to forced con-
vection tends to promote spatially uniform cooling,
in contrast to that due to ebullition which is respon-
sible for highly localized cooling. Therefore, it is to be
expected that the ratio of the standard deviation of
wall superheat to the mean wall superheat will be less
for flow boiling than for pool boiling. Assuming that
the statistical variations of wall superheat follow a
Gaussian distribution, the associated pdf may be
modeled for the present purpose as

1
par(AT) = ——=—
27ZO'AT

e~ V2(AT=AT, /o, p)?

(12)

where AT,, is the mean wall superheat and ¢, is the
standard deviation of wall superheat.

Fluctuations of liquid velocity in flow boiling may
be due to interfacial waves as well as bulk turbulence,
both of which are stochastic in time and space.
Detailed experimental investigations of liquid film vel-
ocity fluctuations in separated two-phase flows are
not available. For the sake of simplicity and lack of
experimental evidence, the pdf of the liquid velocity
at the bubble center of mass is assumed to be Gaussian

Pa) = —=— 7 ! (13)

2n0,
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where u,, is the mean liquid velocity and o, is the
standard deviation of the liquid velocity.

Experimental data describing the statistical dis-
tribution of bubble detachment diameters are typi-
cally presented in the form of histograms. These data
describe the probability that (d—AdR2<d<
d+ Adj2) where Ad is the diameter increment used in
constructing the histograms. In order to compare the
present model with experimental data, the probability
of finding a bubble detachment diameter within a
specified increment is computed from

P(d— M car A—”) - J s a4

2 2 d—Ad/2

where p({) is the pdf for either vapor bubble departure
or lift-off.

Comparisons are first made with horizontal flow
boiling lift-off data reported by Zeng et al. [13] and
Bernhard [14]. A comparison between the measured
probabilities that (d— Ad/2 < d < d+ Ad/2) and those
computed for a given lift-off diameter are shown in
Fig. 3 for a mean wall superheat ranging from 8.3 to
11.6°C and mean liquid velocity ranging from 0.37 to
0.75 m s™'. In computing the pdf of lift-off diameter
equation (9) is used in conjunction with equation (12),
where it has been assumed that ¢,; ~ 1/8AT,, so that
the predicted probabilities best fit those measured.
This assumption is consistent with the liquid crystal
thermography measurements previously discussed.
Both the mean lift-off diameter and standard devi-
ation increase with increasing wall superheat. For the
wall superheats considered herein, the model pre-
diction is in very good agreement with the exper-
imental data.

The experimental horizontal flow boiling departure
data reported by Klausner ez al. [12] and Bernhard
[14] are considered next. Figure 4 compares the mea-
sured and computed probabilities for departure diam-
eter. In these data, the mean liquid velocity ranges
from 0.38 to 0.76 m s~ ' while the wall superheat varies
from 13.6 to 16.4°C. Equations (12) and (13) were
used in conjunction with equation (11) to predict the
pdf of departure diameter. In using equation (13) it
was assumed again that o, & 1/8AT,,. In the bubble
detachment diameter model proposed by Zeng et al.
[13], good results are obtained by assuming the liquid
film friction velocity is 5% of the mean liquid velocity.
Since no other information is available on liquid film
turbulence, it is assumed that o, ~ 0.05u,,. It is seen
that the mean departure diameter declines with
increasing mean liquid velocity and decreasing wall
superheat. Again, good agreement with the data is
demonstrated. Figure 5 compares the measured
and computed probabilities of departure diameter
in which the mean liquid velocity does not vary
appreciably and mean wall superheat varies from
13.8 to 16.3°C. Good agreement in the trend be-
tween the measured and predicted probabilities is
demonstrated.



Fig. 3. Statistical distribution of vapor bubble lift-off diameters in horizontal flow boiling.
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Fig. 4. Statistical distribution of vapor bubble departure diameters in horizontal flow boiling with variable
liquid velocity.

4. DISCUSSION

The present modeling has successfully connected
the pdf of the vapor bubble detachment diameter to
those of the wall superheat and mean liquid velocity.
Although direct experimental evidence for the exact
behavior of the wall superheat and mean liquid vel-
ocity pdfs are not available, physical justifications for
their assumed behavior have been made. The objective
of this paper has been to establish a framework for
understanding and predicting the stochastic features

of vapor bubble detachment in boiling systems. Over
a limited range of boiling conditions the proposed
mechanism and model is successful. In order for such
a model to be incorporated into heat transfer predic-
tions, further investigations are required to better
understand the stochastic variations of liquid velocity
and wall superheat in boiling systems. Although an
assumed Gaussian distribution for wall superheat
variations has been demonstrated to be adequate, it
remains to be demonstrated that the liquid velocity
fluctuations are adequately represented by a Gaussian
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Fig. 5. Statistical distribution of vapor bubble departure diameters in horizontal flow boiling with variable
wall superheat.

distribution. If so, how do the standard deviations of
wall superheat and liquid velocity depend on flow
and thermal conditions of the boiling system? The
resolution of these issues will require further exper-
imental investigations.

8.

9.

10.

. Fritz,

REFERENCES

W. and Ende, W., Uber den Ver-
dampfungsvorgang nach Kinematographischen Auf-
nahmen an Dampfblasen. Physikalische Zeitschrift,
1936, 37, 391-401.

. Staniszewski, B. E., Bubble growth and departure in

nucleate boiling, Technical Report no. 16, MIT, Cam-
bridge, MA, 1959.

. Strenge, P. H., Orell, A. and Westwater, J. W., Micro-

scopic study of bubble growth during nucleate boiling.
AIChE Journal, 1961, 7(4), 578-583.

. Han, C. Y. and Griffith, P., The mechanism of heat

transfer in nucleate pool boiling, Part I: bubble
initiation, growth and departure. International Journal
of Heat and Mass Transfer, 1965, 8, 887-904.

. Cole, R. and Shulman, H. L., Bubble departure diam-

eters at subatmospheric pressures. Chemical Engineering
Progress Symposium Series, 1966, 62(64), 6-16.

. Gaertner, R. F., Distribution of active sites in the

nucleate boiling of liquids. Chemical Engineering Pro-
gress Symposium Series, 1963, 59(41), 52-61.

. Tolubinsky, V. 1. and Ostrovsky, J. N., On the mech-

anism of boiling heat transfer (vapor bubble growth rate
in the process of boiling of liquids, solutions and binary
mixtures). International Journal of Heat and Mass Trans-
Ser, 1966, 9, 1463-1470.

Chekanov, V. V., Teplofizika Vysokikh Temperatur,
1977, 15(1), 121-128.

Sultan, M. and Judd, R. L., Spatial distribution of active
sites and bubble flux density. ASME Journal of Heat
Transfer, 1978, 100, 56-62.

Sultan, M. and Judd, R. L., Interaction of the nucleation
phenomena at adjacent sites in nucleate boiling. ASME
Journal of Heat Transfer, 1983, 105, 3-9.

1.

12.

13.

15.

16.

17.

19.

20.

21

Judd, R. L. and Chopra, A., Interaction of the nucleation
processes occurring at adjacent nucleation sites. ASME
Journal of Heat Transfer, 1993, 115, 955-962.
Klausner, J. F., Mei, R., Bernhard, D. M. and Zeng, L.
Z., Vapor bubble departure in forced convection boiling.
International Journal of Heat and Mass Transfer, 1993,
36, 651-662.

Zeng, L. Z., Klausner, J. F., Bernhard, D. M. and Mei,
R., A unified model for the prediction of bubble detach-
ment diameters in boiling systems: part II flow boiling.
International Journal of Heat and Mass Transfer, 1993,
36(9), 2271-2279.

. Bernhard, D. M., Experimental investigation of vapor

bubble departure and lift-off in forced convection boil-
ing. Master’s thesis, University of Florida, Gainesville,
FL, 1993.

Kenning, D. B. R., Wall temperature patterns in nucleate
boiling. University of Oxford Research Report OUEL
1876, 1991.

Kenning, D. B. R. and Yan, Y. Y., Pool boiling heat
transfer on a thin plate : features revealed by liquid crys-
tal thermography. University of Oxford Research
Report OUEL 2055, 1995.

Pasamehmetoglu, K. O. and Nelson, R. A., Cavity-to-
cavity interaction in nucleate boiling : the effect of heat
conduction within the heater. AICAE Symposium Series,
1991, 87(28), 342-351.

. Zeng, L. Z., Klausner, J. F. and Mei, R., A unified model

for the prediction of bubble detachment diameters in
boiling systems : part I pool boiling. International Journal
of Heat and Mass Transfer, 1993, 36(9), 2261-2270.
Mei, R, Klausner, J. F. and Lawrence, C. J., A note on
the history force on a spherical bubble at finite Reynolds
number. Physics of Fluids A: Fluid Dynamics, 1994, 6(1),
418-420.

Mei, R. and Klausner, J. F., Shear lift force on spherical
bubbles. International Journal of Heat and Fluid Flow,
1994, 15(1), 62-65.

Zeng, L. Z. and Klausner, J. F., Nucleation site density
in forced convection boiling. ASME Journal of Heat
Transfer, 1993, 115, 215-221.



